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Abstract
Finite-size e®ects in armchair (n; n) carbon nanotubes are studied as a function of the tube
length by using the generalized tight-binding calculations. End structures of the tubes considered
here are caps formed from hemispherical pieces of Ih fullerenes and hydrogen-free open ends. It has
been clari¯ed that the dimensionality in electronic structures of the ¯nite-length nanotubes only
depends on an aspect ratio of the tube diameter to the length of the cylindrical region. The aspect
ratio where the ¯nite-length tubes exhibit one-dimensional properties is found to be about four.
The results corroborate that the nanotubes with their length of 10 nm » 100 nm experimentally
observed could be regarded as one-dimensional electron systems.
PACS numbers: 73.22.-f, 71.20.Tx, 73.20.At
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I. INTRODUCTION
Following discoveries of fullerene [1] and carbon nanotube [2], there have been a lot
of experimental and theoretical studies on these nanometer-scale materials [3]. Although,
these materials are known to consist of C atoms with three-fold coordination as in the case
of the graphite, their global network topologies are vastly di®erent from that of the graphite:
The fullerenes possess hollow-cage structures with zero-dimension due to existence of twelve
pentagons. The nanotubes possess one-dimensional structures obtained by rolling up a
graphene sheet into a tubular form. These peculiar global network topologies signi¯cantly
result in interesting variations in their electronic properties. In the fullerenes, it has been
clari¯ed that the electronic structure is determined by the size and symmetry of the carbon
cage [4]. On the other hand, in the nanotubes, early theoretical studies have revealed that
(n;m) nanotubes are metal when the remainder of jn ¡mj divided three is zero, and that
they are semiconducting otherwise [5{7].
Although both fullerene and nanotube are the three-fold coordinate networks, their elec-
tronic properties have been individually studied due to the di®erent dimensionality of their
networks. However, we can regard the nanotubes as a one-dimensional limit of the cylin-
drical fullerenes such as C70 and the fullerene as a zero-dimensional limit of the nanotubes.
Thus, they are representative of two di®erent limits of the nanometer-scale carbon materi-
als. Based on this point of view, they should have critical lengths in which the electronic
properties exhibit a crossover from one-dimensional character to the zero-dimensional one
and vice versa.
Extractable large fullerenes are known to possess lower symmetries such as C2 and C1 in
spherical shapes [8]. Indeed, large fullerenes in cylindrical or ellipsoidal shape have rarely
been extracted in the conventional synthesis process so far. However, recent transmission
electron microscope (TEM) images clari¯ed that coalescence of C60 molecules encapsulated
in nanotubes (carbon peapods) results in the cylindrical carbon nano-capsule with the length
of about 10 nm [9]. Furthermore, it was also found that ¯nite length nanotubes with a
few tenths nm are synthesized on several catalysts, e.g. Cerium and Yttrium, by using
an arc-discharge method [10, 11]. In the ¯eld of the engineering, nanotubes with their
length ranging from 10 nm to 100 nm are expected to be applicable for the nanometer-
scale electronic devices as a quantum wire. In the scienti¯c viewpoint, they are a missing
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ring between fullerenes and nanotubes, and seamlessly connect these two nano-materials
possessing di®erent dimensionality. Thus, it is of interest whether the electronic structures
of these materials exhibit one-dimensional character or not.
There have been a lot of theoretical calculations those studied the electronic structure
of the cylindrical fullerenes [12{18]. However, due to a large number of carbon atoms in
nano-capsules experimentally observed, the electronic structures of the capsules with their
length of 10 nm (¯nite-length nanotube) have never been elucidated yet. Thus, in the
present work, to evaluate the critical length that gives the crossover from zero-dimensional
to one-dimensional electronic properties of the ¯nite-length nanotubes, we calculate the
electronic structure of the nanotubes with their lengths up to 10 nm by using the generalized
tight-binding model which quantitatively reproduces electronic structures of various carbon
materials. Here, (5,5) and (10,10) nanotubes are studied as representatives and salient
characteristics of the ¯nite-length nanotubes are elucidated. For each nanotube, we consider
two di®erent conditions of its ends; (i) both ends are capped by the hemisphere of C60 for
(5,5) and C240 for (10,10) to simulate the nanocapsules synthesized inside the nanotube, (ii)
one of two ends is capped while the other is opened to simulate the nanotubes grown on
the catalysts. Our calculations corroborate that the electronic structures of the ¯nite-length
nanotubes experimentally observed can be regarded as one-dimensional material exhibiting
the characteristics of the electronic structures of in¯nite-length nanotubes. Furthermore, the
critical length is found to exhibit a universal feature for all nanotubes studied here, which
are determined by the aspect ratio of the nanotubes.
II. CALCULATION METHODS
The electronic structures of nanotubes are calculated by using the generalized tight-
binding model [19, 20]. Here, 2s and 2p states of a carbon atom are used as the basis
set to discuss the ¼-¾ rehybridization induced by the curvature of the nanotube and the
cap. Furthermore, the nonorthogonality of the atomic orbitals between neighboring sites
is fully taken into account. Transfer, t®;¯i;j , and overlap integrals, s
®;¯
ij , between neighboring
atomic orbitals have suitable distance dependences in order to reproduce the electronic band
structures of various atomic con¯guration of the carbon atoms. Here we adopt following four
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types of the transfer integrals of the Slater-Koster type between two C atomic sites:
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where a and b denote atomic species. Values of the parameters for the C atom used in the
present work are given as follows; vs = 6:6 eV, vp¾ = 4:3 eV, vp¼ = 4:5 eV, rs = 0:620 ºA,
rp¾ = 0:810 ºA, and rp¼ = 0:550 ºA. The origin of energy is de¯ned as the 2p level energy of
the C atom. The orbital energy of the 2s level is taken to be 7eV lower than that of the 2p
level. Similarly, the overlap integrals are given as follows
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where us = up¾ = up¼ = 1=7 eV. The functions Rss¾ etc. are de¯ned as
Rss¾(x) = e¡x(1 + x+
x2
3
); (9)
Rsp¾(x) = ¡e¡x(x+ x
2
3
); (10)
Rpp¾(x) = ¡e¡x(¡1 + x+ x
2
3
); (11)
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3
): (12)
We use a smooth cuto® function Q(r);
Q(r) =
8>>><>>>:
1 (for r < r1)
1
2
(1 + cos ¼(r¡r1)
r2¡r1 ) (for r1 < r < r2)
0 (for r2 < r) .
(13)
The values of cuto® parameters r1 and r2 used here are 3:6 and 4:0 ºA , respectively. All the
parameters are chosen to give consistent results with those by the LDA calculation for both
graphite and solid C60 [20]. Indeed, the present model is found to be accurate enough to
reproduce the electronic structure of various carbon materials [4, 5].
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FIG. 1: Energies of HO and LU states and energy gap between HO and LU states for (a) (5,5)
nanotubes with C60 caps and (b) (10,10) nanotubes with C240 caps.
III. RESULTS AND DISCUSSIONS
First, we discuss the electronic structures near the energy gap of the ¯nite-length (5,5)
and (10,10) nanotubes of which ends are capped by hemispheres of Ih fullerenes of C60 and
C240, respectively. As shown in Fig. 1, eigenvalue of the highest occupied (HO) and the
lowest unoccupied (LU) states oscillate in nearly triple periodicity of the nanotube unit.
Owing to this oscillation, the energy gap between HO and LU states also oscillates in the
same period. Furthermore, the energy gap asymptotically decreases with increasing the tube
length. The oscillation is interpreted that the length of the tubular region results in the set of
discretized wave number along the one-dimensional energy band of the armchair nanotube.
The discretization results in the triple periodicity for their energy level. On the other hand,
we ¯nd that the energy gaps of both nano-capsules exhibit incommensurability for the triple
periodicity. A recent density-functional study also demonstrated the incommensurability
in the tube-like fullerenes up to C180 [16]. It should be noted that the incommensurability
does not take place in ¼ tight-binding calculations. Thus, the incommensurability of the
oscillation is caused by the curvature e®ects at the caps and the cylindrical part of the
nano-capsule induced by the ¼ and ¾ rehybridization.
Next, we show the density of states (DOS) of the ¯nite-length nanotubes. Figure 2 shows
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FIG. 2: DOS for capped (5,5) nanotubes, (a) C90, (b) C290, (c) C470, and (d) C870. (e) DOS for
the (5,5) tube with in¯nite length. DOS are calculated per atom.
DOS for the ¯nite-length (5,5) nanotubes of which ends are capped by C60 hemispheres. The
DOS is calculated by using a form D(E) =
P
i
¡
¼
1
(E¡Ei)2+¡2) where ¡ is a broadening factor
(¡ = 0:01 eV). In the tube with the short length, peaks of the DOS possess symmetric tails
which are the characteristics of the zero-dimensionality of the system. In the tube with its
length of 3.5 nm or longer, it is found that the asymmetric peak shape of the DOS exhibits
one-dimensional character of the system. Furthermore, the ¯nite and nearly constant DOS
emerge around the Fermi energy and the characteristic peaks corresponding to the ¯rst gap
of the metallic nanotubes emerge just above and below the °at DOS region. In addition to
the characters caused by the nanotube, we also ¯nd that a peak around the energy of about
2 eV is due to the electron states localized the pentagonal sites on the caps. The °atness of
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FIG. 3: DOS for capped (10,10) nanotubes, (a) C240, (b) C400, (c) C1080, and (d) C1380. (e) DOS
for the (10,10) tube with in¯nite length. DOS are calculated per atom.
the DOS near the Fermi energy increases while the DOS peak originated from the pentagonal
sites decreases with increasing the length of the tubular region. In particular, it is found that
the electronic structure of the ¯nite-length tube with 10 nm length experimentally observed
exhibits almost the same as that of the tube with in¯nite length.
Figure 3 shows the DOS for the ¯nite-length (10,10) nanotubes of which ends are capped
by the C240 hemispheres. In the length where DOS of the capped (5,5) tube exhibits one-
dimensional character, capped (10,10) tube still possesses symmetric DOS peaks representing
its zero-dimensional character. The nanotube with its length of 6.6 nm eventually exhibits
one-dimensional electronic properties with ¯nite and nearly constant DOS around the Fermi
level. The results show that the crossover point of the dimensionality strongly depends
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FIG. 4: DOS for (5,5) nanotubes with cap-open ends, (a) C60, (b) C260, (c) C440, and (d) C840.
DOS are calculated per atom.
on the length and the diameter of the nanotubes. However, we ¯nd that the aspect ratio
that the tubes exhibit one-dimensional properties are universal for the tubes with various
diameters: The calculated aspect ratio is found to be about 4. The results also corroborate
that the experimentally observed single-walled nanotubes with their length of 10 nm can be
regarded as one-dimensional electron systems.
Finally, we show the electronic properties of the ¯nite-length nanotube in which one
of two ends is capped by the hemisphere of the Ih fullerenes while the other end is open
possessing dangling bonds. The ¯nite-length nanotubes with the capped-open structure are
found to be the constituent unit of complexes in a sea-urchin shape consisting of a nano-
particle of the catalysts and the tubes. Figures 4 and 5 show the calculated DOS for the
(5,5) and (10,10) nanotubes with capped-open end structure. In both tubes, we ¯nd that the
tubes manifest their one-dimension character near the length where the capped tubes exhibit
one-dimensional DOS. Lengths of the cylindrical region are 2.92 and 5.34 nm for (5,5) and
(10,10) nanotubes, respectively. Thus, we pronounce that the dimensionality of the carbon
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FIG. 5: DOS for (10,10) nanotubes with cap-open ends, (a) C130, (b) C290, (c) C970, and (d) C1270.
DOS are calculated per atom.
nanotubes with ¯nite-length is determined by the aspect ratio of the tube diameter to the
length of the cylindrical region. In the cap-open tubes, we ¯nd DOS peaks around 0 eV
which are caused by the dangling bond states besides structures near 2eV originated from the
states localized on pentagonal sites. Both structures are found to decrease with increasing
the length of the nanotubes since the e®ect of these sites on the DOS is negligible for the
nanotubes with su±cient length.
IV. CONCLUSION
Based on the generalized tight-binding calculations we explored the electronic structures
of nanotubes with their length up to 10 nm. We found that the electronic structures of
the ¯nite-length nanotubes experimentally observed (10 nm » 100 nm) are classi¯ed as
the one-dimensional materials characterized by the anisotropic van Hove singularities. Our
calculations have clari¯ed that there are critical lengths in which the electronic properties
of the ¯nite-length nanotubes exhibit a crossover from one-dimensional character to the
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zero-dimensional one and vice versa. The length is determined by the aspect ratio of the
tube diameter to the length of the cylindrical region. The calculated ratio is about 4, which
is common for all the nanotubes and independent from the end geometries. The present
results corroborate that the nanotubes with their length of nano-meter scale is applicable
for the nano-wires which connect the elements of nano-scale electronic devices.
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